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MAGNETIC VIRIAL IDENTITIES, WEAK DISPERSION
AND STRICHARTZ INEQUALITIES
LUCA FANELLI AND LUIS VEGA
Abstract. We show a family of virial-type identities for the Schro¨dinger
and wave equations with electromagnetic potentials. As a consequence,
some weak dispersive inequalities in space dimension n ≥ 3, involving
Morawetz and smoothing estimates, are proved; finally, we apply them to
prove Strichartz inequalities for the wave equation with a non-trapping
electromagnetic potential with almost Coulomb decay.
1. Introduction
In this paper, we consider electromagnetic Hamiltonians in the standard
covariant form
H = −∇2A + V (x), (1.1)
where
∇A = ∇− iA, A = (A1, . . . , An) : Rn → Rn (1.2)
and V : Rn → R; the magnetic potential A satisfies the Coulomb gauge
condition
divA = 0. (1.3)
Related to these Hamiltonians, we study the magnetic Schro¨dinger equation{
iut(t, x)−Hu(t, x) = 0
u(0, x) = f(x),
(1.4)
and the magnetic wave equation
utt(t, x) +Hu(t, x) = 0
u(0, x) = f(x)
ut(0, x) = g(x),
(1.5)
where in both cases the unknown is a function u : R1+n → C. We are
interested in weak dispersive phenomena for equations (1.4) and (1.5); in
particular, we will point our attention on the structures of A and V which
allow the weak dispersion.
In the family of weak dispersive estimates we find, among the others,
Morawetz and smoothing estimates.
For the free case A ≡ 0 ≡ V , the Morawetz estimates are, for n ≥ 3,∫ +∞
0
∫
Rn
∣∣∂τeit∆f ∣∣
|x| ≤ ‖f‖H˙ 12 (1.6)
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∫ +∞
0
∫
Rn
∣∣∣∂τeit√−∆f ∣∣∣
|x| ≤ ‖f‖H˙1 , (1.7)
where ∂τ is the tangential derivative. Inequality (1.7) was proved in [15]
for the Klein-Gordon equation first, and then extended to the Schro¨dinger
equation. We also recall the smoothing estimates for the free equations
sup
R>0
1
R
∫ +∞
0
∫
|x|≤R
∣∣∇eit∆f ∣∣2 ≤ ‖f‖
H˙
1
2
(1.8)
sup
R>0
1
R
∫ +∞
0
∫
|x|≤R
(∣∣∣∂teit√−∆f ∣∣∣2 + ∣∣∣∇eit√−∆f ∣∣∣2) ≤ ‖f‖H˙1 . (1.9)
Inequality (1.8) was proved independently in [6], [17] and [19], and the proof
can be easily generalized to obtain (1.9). We also mention the paper [16], in
which a proof of (1.9) for the nonlinear wave equation based on a modifica-
tion of Morawetz ideas [15] is given. Extensions to the Schro¨dinger equation
were considered in [2] . However not so many results are available for the
magnetic case A 6= 0; we mention [1] [7], [10], [8] and [18] where Strichartz
and smoothing estimates for the magnetic Schro¨dinger and wave equations
are proved.
The aim of this paper is to show, for non-trapping magnetic Hamiltonians,
the relation between virial identities and weak dispersion, in analogy with
the results in [16], [2], and [3].
All through the paper we will assume some regularity assumptions on the
Hamiltonian H.
(H1) The Hamiltonian HA = −∇2A is essentially self-adjoint on L2(Rn),
with form domain
D(HA) =
{
f : f ∈ L2,
∫
|∇Af |2 <∞
}
.
(H2) The potential V is a perturbation of HA in the Kato-Rellich sense,
i.e. there exists a small ǫ > 0 such that
‖V f‖L2 ≤ (1− ǫ)‖HAf‖L2 + C‖f‖L2 , (1.10)
for all f ∈ D(HA).
Assumptions (H1), (H2) have several consequences about the existence
theory for equations (1.4), (1.5). First of all, they imply the self-adjointness
of H, by standard perturbation techniques (see e.g. [4]); hence by the spec-
tral theorem we can define the Schro¨dinger and wave propagators S(t) =
eitH , W (t) = H−
1
2 eit
√
H . Moreover we can define for any s the distorted
norms
‖f‖H˙s = ‖H
s
2 f‖L2 . ‖f‖Hs = ‖f‖L2 + ‖H
s
2 f‖L2 .
Since H and Hs commute with each other, for any s ≥ 0, the Schro¨dinger
propagator S(t) satisfy the family of conservation laws
‖eitHf‖H˙s = ‖f‖H˙s , s ≥ 0,
for all t ∈ R. Similarly, the distorted wave energy
E(t) =
1
2
‖ut‖2L2 +
1
2
‖u‖H˙1
is conserved on solutions of (1.5).
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For the validity of (H1) and (H2) see the standard reference [4].
In space dimension n = 3 the magnetic field B = curlA is a physically
relevant quantity for equations (1.4) and (1.5). In order to continue, we
need to define the analogous of curlA in any space dimension; we give the
following definition.
Definition 1.1. For any n ≥ 2 the matrix-valued field B : Rn →Mn×n(R)
is defined by
B := DA−DAt, Bij = ∂A
i
∂xj
− ∂A
j
∂xi
.
We also define the vector field Bτ : R
n → Rn as follows:
Bτ =
x
|x|B.
Hence B is defined in terms of the anti-symmetric gradient of A. In
dimension n = 3, the previous definition identifies B = curlA, namely
Bv = curlA ∧ v, ∀v ∈ R3.
In particular, we have
Bτ =
x
|x| ∧ curlA, n = 3. (1.11)
Hence Bτ (x) is the projection of B = curlA on the tangential space in x to
the sphere of radius |x|, for n = 3. Observe also that Bτ · x = 0 for any
n ≥ 2, hence Bτ is a tangential vector field in any dimension. Also notice
that A and A+∇ψ produce the same B, for any n ≥ 2; actually, in order to
preserve the gauge invariance of our results, it is our interest to give always
assumptions in terms of B.
We can now state our main results.
1.1. Magnetic virial identities. They are convexity (in time) properties
for certain relevant quantities related to the solutions of these equations.
A 3D-version of the virial identity for the magnetic Schro¨dinger equation
appears in [11], [12]; in Theorem 1.2 we present the generalization to any
space dimension, while in Theorem 1.3 we give the analogous identity for
the magnetic wave equation (1.5).
We start with the Schro¨dinger equation.
Theorem 1.2 (Virial for magnetic Schro¨dinger). Let φ : Rn → R be a
radial, real-valued multiplier, φ = φ(|x|), and let
ΘS(t) =
∫
Rn
φ|u|2 dx. (1.12)
Then, for any solution u of the magnetic Schro¨dinger equation (1.4) with
initial datum f ∈ L2, HAf ∈ L2, the following virial-type identity holds:
Θ¨S(t) =4
∫
Rn
∇AuD2φ∇Au dx−
∫
Rn
|u|2∆2φdx
− 2
∫
Rn
φ′Vr|u|2 dx+ 4ℑ
∫
Rn
uφ′Bτ · ∇Au dx, (1.13)
where (
D2φ
)
jk
=
∂2
∂xj∂xk
φ, ∆2φ = ∆(∆φ),
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for j, k = 1, . . . , n, are respectively the Hessian matrix and the bi-Laplacian
of φ.
The analogous result for the wave equation (1.5) is the following.
Theorem 1.3 (Virial for magnetic wave). Let φ,Ψ : Rn → R, be two radial,
real-valued multipliers, and let
ΘW (t) =
∫
Rn
(
φ|ut|2 + φ|∇Au|2 − 1
2
(∆φ)|u|2
)
dx+
∫
|u|2φV dx+
∫
|u|2Ψ dx.
(1.14)
Then, for any solution u of the magnetic wave equation (1.5) with initial
data f, g ∈ L2, HAf,HAg ∈ L2, the following virial-type identity holds:
Θ¨W (t) =2
∫
Rn
∇AuD2φ∇Au dx− 1
2
∫
Rn
|u|2∆2φdx
+ 2
∫
|ut|2Ψ dx− 2
∫
|∇Au|2Ψ dx+
∫
|u|2∆Ψ dx
−
∫
φ′Vr|u|2 dx+ 2ℑ
∫
Rn
uφ′Bτ · ∇Au dx. (1.15)
We give two immediate corollaries of the previous theorems.
Corollary 1.4. Let u be a solution of the magnetic Schro¨dinger equation
(1.4) with f ∈ L2, HAf ∈ L2. Then the variance
Q(t) =
∫
Rn
|x|2|u|2 dx
satisfies the identity
Q¨(t) = 8
∫
Rn
|∇Au|2 dx−4
∫
Rn
|x|Vr|u|2 dx+8ℑ
∫
Rn
|x|uBτ ·∇Au dx. (1.16)
For the magnetic wave equation we have the following analogous result:
Corollary 1.5. Let u be a solution of the magnetic wave equation (1.5) with
f, g ∈ L2, HAf,HAg ∈ L2. Then the quantity
Q(t) =
∫
Rn
{
|x|2
(
|ut|2 + |∇Au|2 + |u|2V
)
− (n− 1)|u|2
}
dx
satisfies the identity
Q¨(t) = 2
∫
Rn
|ut|2+|∇Au|2 dx−2
∫
Vr|u|2 dx+4ℑ
∫
Rn
uBτ ·∇Au dx. (1.17)
The proofs of the corollaries are immediate applications of identities (1.13)
and (1.15) with the choice φ(x) = |x|2, Ψ ≡ 1.
The previous identities suggest that it is relevant to show examples of
potentials A for which Bτ ≡ 0; we will focus our attention on the 3D case.
Example 1.6. First we consider some singular potentials. Take
A =
1
x2 + y2 + z2
(−y, x, 0) = 1
x2 + y2 + z2
(x, y, z) ∧ (0, 0, 1). (1.18)
We can check that
∇ · A = 0, B = −2 z
(x2 + y2 + z2)2
(x, y, z), Bτ = 0.
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Another (more singular) example is the following:
A =
( −y
x2 + y2
,
x
x2 + y2
, 0
)
=
1
x2 + y2
(x, y, z) ∧ (0, 0, 1). (1.19)
Here we have B = (0, 0, δ), with δ denoting Dirac’s delta function. Again
we have Bτ = 0 .
Example 1.7. Now we show a natural generalization of the previous ex-
amples. Assume that B = curlA : R3 → R3 is known; since divA = 0, we
can reconstruct the potential A using the Biot-Savart formula
A(x) =
1
4π
∫
x− y
|x− y|3 ∧B(y) dy. (1.20)
Assume now that Bτ = 0, namely x ∧B(x) = 0; by (1.20) we have
A(x) =
x
4π
∧
∫
B(y)
|x− y|3 dy. (1.21)
To have Bτ = 0 it is necessary B(y) = g(y)
y
|y| , for some scalar function
g : R3 → R. Since we want A 6= 0, g has not to be radial. As an example
we consider
g(y) = h
(
y
|y| · ω
)
|y|−α,
for some fixed ω ∈ S2, where h is homogeneous of degree 0 and α ∈ R;
consequently, the vector field B is homogeneous of degree −α. By (1.21) we
have
A(x) =
x
4π
∧
∫ h( y|y| · ω)
|x− y|3|y|α y dy. (1.22)
The potential A is homogenous of degree 1− α, and by symmetry we have
that A(ω) = 0. These examples can be easily extended to higher dimensions.
1.2. Applications to dispersive estimates. We pass to some applica-
tions of Theorems 1.2 and 1.3 to weak dispersive estimates for (1.4) and
(1.5). All the following results hold in dimension n ≥ 3.
We need to introduce the following family of norms:
Definition 1.8. For any f : R3 → R and α ∈ R we define
|||f |||α :=
∫ +∞
0
ρα sup
|x|=ρ
|f | dρ. (1.23)
We state the following theorems.
Theorem 1.9 (Weak dispersion for 3D Schro¨dinger). Let n = 3; assume
that
|||B2τ |||3 + |||V +r |||2 ≤
1
2
. (1.24)
Then, for any solution u of (1.4) with f ∈ L2, HAf ∈ L2, the following
estimate holds:
sup
R>0
1
R
∫ +∞
0
∫
|x|≤R
|∇Au|2 dx dt ≤ C‖f‖2H˙ 12 (1.25)
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for some C > 0. Moreover, if the strict inequality holds in (1.24), we also
have
sup
R>0
1
R
∫ +∞
0
∫
|x|≤R
|∇Au|2 dx dt+ ǫ
∫ +∞
0
∫
Rn
|∇τAu|2
|x| dx dt (1.26)
+ ǫ sup
R>0
1
R2
∫ +∞
0
∫
|x|=R
|u|2 dσ dt ≤ C‖f‖2
H˙ 12
,
for some ǫ > 0.
In higher dimension we prove the following Theorem.
Theorem 1.10 (Weak dispersion for higher dimensional Schro¨dinger). Let
n ≥ 4; assume that
|Bτ (x)| ≤ C1|x|2 , |V
+
r (x)| ≤
C2
|x|3 , C
2
1+2C2 ≤
2
3
(n−1)(n−3), (1.27)
for all x ∈ Rn. Then, for any solution of (1.4) with f ∈ L2, HAf ∈ L2, the
following estimate holds:
sup
R>0
1
R
∫ +∞
0
∫
|x|≤R
|∇Au|2 dx dt ≤ C‖f‖2H˙ 12 ,
for some C > 0. Moreover, if the strict inequality holds in (1.27), we also
have
sup
R>0
1
R
∫ +∞
0
∫
|x|≤R
|∇Au|2 dx dt+ ǫ
∫ +∞
0
∫
Rn
|∇τAu|2
|x| dx dt (1.28)
+ ǫ
(n− 1)(n − 3)
2
∫ +∞
0
∫ |u|2
|x|3 dx dt ≤ C‖f‖
2
H˙ 12
,
for some ǫ > 0.
For the 3D magnetic wave equation we have the following result.
Theorem 1.11 (Weak dispersion for 3D wave). Let n = 3, and assume that
|||B‖|3 + |||V +r |||2 ≤
1
2
. (1.29)
Then, for any solution u of (1.5) with f, g ∈ L2, HAf,HAg ∈ L2, the
following estimate holds:
sup
R>0
1
R
∫ +∞
0
∫
|x|≤R
(
|ut|2 + |∇Au|2
)
dx dt ≤ CE(0), (1.30)
where the energy E is defined by
E(t) =
1
2
‖ut‖2L2 +
1
2
‖u‖2H˙1 .
Moreover, if the strict inequality holds in (1.24), we also have
sup
R>0
1
R
∫ +∞
0
∫
|x|≤R
(
|ut|2 + |∇Au|2
)
dx dt+ ǫ
∫ +∞
0
∫
Rn
|∇τAu|2
|x| dx dt
(1.31)
+ ǫ sup
R>0
1
R2
∫ +∞
0
∫
|x|=R
|u|2 dσ dt ≤ CE(0),
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for some C > 0 and ǫ > 0 small.
The analogous in higher dimension is the following.
Theorem 1.12 (Weak dispersion for higher dimensional wave). Let n ≥ 4,
and assume that
|Bτ (x)| ≤ C1|x|2 , |V
+
r (x)| ≤
C2
|x|3 , C
2
1+2C2 ≤
2
3
(n−1)(n−3), (1.32)
for all x ∈ Rn. Then, for any solution on (1.4) with f, g ∈ L2, HAf,HAg ∈
L2, the following estimate holds:
sup
R>0
1
R
∫ +∞
0
∫
|x|≤R
(
|ut|2 + |∇Au|2
)
dx dt ≤ CE(0), (1.33)
for some C > 0. Moreover, if the strict inequality holds in (1.32), we also
have
sup
R>0
1
R
∫ +∞
0
∫
|x|≤R
(
|ut|2 + |∇Au|2
)
dx dt+ ǫ
∫ +∞
0
∫
Rn
|∇τAu|2
|x| dx dt
(1.34)
+ ǫ
(n− 1)(n − 3)
2
∫ +∞
0
∫
|x|≥R
|u|2
|x|3 dx dt ≤ CE(0),
for some ǫ > 0.
1.3. Strichartz estimates for the magnetic wave equation. It is more
or less standard to prove Strichartz estimates as applications of Theorems
1.11, 1.12; we do it in Theorem 1.13. The key points are the estimates
obtained in the previous section and to write (1.5) as
utt −∆u = F (t, x)
u(0) = f
ut(0) = g,
(1.35)
where
F = −2iA · ∇Au−A2u− V u. (1.36)
We recall that a couple (p, q) is said to be wave admissible if
2
p
+
n− 1
q
=
n− 1
2
, 2 ≤ p ≤ ∞, 2(n − 1)
n− 3 ≥ q ≥ 2, q 6=∞.
(1.37)
If (p, q) is a wave admissible couple, we say that it is an endpoint couple if
p = 2. We can state the following theorem.
Theorem 1.13 (Strichartz for wave). Let n ≥ 3; assume (H1), (H2) and
either (1.29) or (1.32). Moreover assume that
|B(x)| ≤ C
(1 + |x|)2+δ , |V (x)| ≤
C
(1 + |x|)2+δ , (1.38)
for some C > 0 and some δ > 0. If u is a solution of (1.5) and (p, q) is any
non endpoint wave admissible couple, then the following Strichartz estimate
holds:
‖u‖Lpt H˙σq . ‖f‖H˙1 + ‖g‖L2 , (1.39)
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where the gap of derivatives is σ = 1q − 1p + 12 .
Remark 1.1. It is interesting to compare this result with the ones in [7],
[10], [8] and [18]. Assumption (1.38) is made in terms of B; since it is the
anti-symmetric gradient of A and divA = 0, (1.38) implies that
A ≤ C
(1 + |x|)1+ǫ . (1.40)
It is relevant to notice that (1.38) is gauge invariant, while it is not the same
for (1.40). Also the non-trapping and repulsivity conditions given by (1.29)
and (1.32) imply the non-existence either of 0-resonances or eiegenvalues.
Remark 1.2. Also notice that (1.38) requires α > 2 in the homogeneous
example 1.7. For these examples A2 is homogeneous of degree strictly bigger
than two. From the counterexamples given in [13] it is natural to expect
that Strichartz estimates will fail if α < 2. Notice that in 1.7, A2(ω) = 0 =
min|x|=1A2(x), and this is a necessary condition for the results in [13] to
hold.
Remark 1.3. It would be interesting to extend this result to the magnetic
Schro¨dinger equation (1.4). In order to do that, we should prove the versions
of Theorems 1.9, 1.10 with L2-initial data. This will be done elsewhere.
2. Virial identities: proofs of Theorems 1.2 and 1.3
This section is devoted to the proofs of the virial identities for the mag-
netic equations, Theorems 1.2 and 1.3. Let us start with the magnetic
Schro¨dinger equation.
Proof of Theorem 1.2. Let us start by considering a solution u ∈ H 32 of
(1.4). Using equation (1.4) in the form
ut = −iHu, (2.1)
we can easily compute
Θ˙S(t) = −i 〈u, [H,φ]u〉 (2.2)
Θ¨S(t) = −〈u, [H, [H,φ]]u〉 , (2.3)
where the brackets [, ] are the commutator and the brackets 〈, 〉 are the
hermitian product in L2. In order to simplify the notations, let us denote
by
T = −[H,φ]. (2.4)
By the Leibnitz formula
∇A(fg) = g∇Af + f∇g, (2.5)
which implies that
H(fg) = (Hf)g + 2∇Af · ∇g + f(∆g), (2.6)
we can write explicitly
T = 2∇φ · ∇A +∆φ. (2.7)
Observe that T is anti-symmetric, namely
〈f, Tg〉 = −〈Tf, g〉;
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moreover, in the case A ≡ 0 the operator T coincides with the usual one
introduce by Morawetz in [15], which is 2∇φ · ∇+∆φ.
Hence we can rewrite (2.3) in the following form
Θ¨S(t) = 〈u, [H,T ]u〉 , (2.8)
where T is given by (2.7).
We can compute explicitly the commutator [H,T ]; by (2.7) we have
[H,T ] = −[∇2A, 2∇φ · ∇A]− [∇2A,∆φ] + [V, T ] =: I + II + III. (2.9)
Let us introduce the following notations: for f : Rn → C,
fj =
∂f
∂xj
;
fej = fj − iAjf ;
fej⋆ = fj + iA
jf.
With these notations we have
(fg)ej = fejg + fgj;
moreover, the formula of integrations by parts is∫
Rn
fej(x)g(x) dx = −
∫
Rn
f(x)gej⋆(x) dx.
Now we compute the terms I, II and III in (2.9).
The term III in (2.9) is easily computed:
III = [V, T ] = 2[V,∇A · ∇] = −2∇φ · ∇V = −2φ′Vr. (2.10)
For I, we have
−I =2
n∑
j,k=1
(
∂ej∂ejφk∂ek − φk∂ek∂ej∂ej
)
=
n∑
j,k=1
(
2φkjj∂ek + 4φjk∂ej∂ek + 2φk(∂ej∂ej∂ek − ∂ek∂ej∂ej)
)
. (2.11)
Notice that
∂ej∂ek − ∂ek∂ej =i
(
Ajk −Akj
)
,
∂ej∂ej∂ek − ∂ek∂ej∂ej =i
(
Akj −Ajk
)
j
+ 2i
(
Akj −Ajk
)
∂ej ;
hence, by (2.11) we obtain
− I =
n∑
j,k=1
(
2φkjj∂ek + 4φjk∂ej∂ek + 2iφj
(
Ajk −Akj
)
k
+ 4iφj
(
Ajk −Akj
)
∂ek
)
(2.12)
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For the term II in (2.9) we compute
−II =
n∑
j,k=1
(
∂ek∂ekφjj − φjj∂ek∂ek
)
=
n∑
j,k=1
(
φjjkk + 2φjjk∂ek
)
. (2.13)
By (2.12) and (2.13) we can write
〈u, [∇2A, T ]u〉 =
n∑
j,k=1
∫
Rn
(
2uφkjjuek + 4uφjk∂ej∂eku+ 2uφkjjuek
)
dx
+
n∑
j,k=1
∫
Rn
(
2iφj
(
Ajk −Akj
)
k
|u|2 + 4iuφj
(
Ajk −Akj
)
uek
)
dx
(2.14)
+
∫
Rn
|u|2∆2φdx.
Observe that
∂ej∂eku = ∂ej⋆∂ek⋆u;
as a consequence, integrating by parts the first three terms of (2.14) we have
n∑
j,k=1
∫
Rn
(
2uφkjjuek + 4uφjk∂ej∂eku+ 2uφkjjuek
)
dx (2.15)
=
n∑
j,k=1
∫
Rn
−4uejφjkuek dx = −4
∫
Rn
∇AuD2φ∇Au dx.
For the 4th and 5th term in (2.14) we notice that
n∑
j,k=1
φjk
(
Ajk −Akj
)
= 0,
and integrating by parts we obtain
n∑
j,k=1
∫
Rn
(
2iφj
(
Ajk −Akj
)
k
|u|2 + 4iuφj
(
Ajk −Akj
)
uek
)
dx (2.16)
= 4ℑ
n∑
j,k=1
∫
Rn
uφj
(
Ajk −Akj
)
uek dx
= 4ℑ
∫
Rn
uφ′Bτ · ∇Au dx, (2.17)
whit Btau as in Definition 1.1.
By (2.10), (2.14), (2.15) and (2.16) we conclude that
〈u, [H,T ]u〉 =4
∫
Rn
∇AuD2φ∇Au−
∫
Rn
|u|2∆2φ (2.18)
− 2
∫
Rn
φ′Vr|u|2 + 4ℑ
∫
Rn
uφ′Bτ · ∇Au.
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Identities (2.8) and (2.18) prove (1.13).
Remark 2.1. In the above arguments the highest order term in u that ap-
pears is of the form ∫
∇2Au∇φ · ∇Au;
it makes sense thanks to assumption (H2) and the condition f ∈ L2, HAf ∈
L2, which implies HAe
itHf ∈ L2, and by interpolation ∇AeitHf ∈ L2. Con-
sequently, all the performed integration by parts are permitted.

Proof of Theorem 1.3. The proof of Theorem 1.3 is analogous to the pre-
vious one. Let us write
ΘW (t) = 〈ut, φut〉+〈φ∇Au,∇Au〉− 1
2
〈u∆φ, u〉+〈u, φV u〉+〈u,Ψu〉. (2.19)
Differentiating in (2.19) with respect to time and using equation (1.5) we
obtain
d
dt
〈ut, φut〉 = −2ℜ〈ut, φHu〉 = 2ℜ〈ut, φ∇2Au〉 − 2ℜ〈ut, φV u〉,
d
dt
〈φ∇Au,∇Au〉 = −2ℜ〈ut, φ∇2Au〉 − 2ℜ〈ut,∇φ · ∇Au〉,
− d
dt
1
2
〈u∆φ, u〉 = −ℜ〈ut, (∆φ)u〉,
d
dt
〈u, φV u〉 = 2ℜ〈ut, φV u〉
d
dt
〈u,Ψu〉 = 2ℜ〈ut,Ψu〉.
Hence, recalling the operator T = −[H,φ] = 2∇φ · ∇A + ∆φ, we have by
(2.19)
Θ˙W (t) = −ℜ〈ut, Tu〉+ 2ℜ〈ut,Ψu〉. (2.20)
Consider the first term on the RHS of (2.20), differentiating and using the
equation we see that
− d
dt
〈ut, Tu〉 = 〈u,HTu〉 − 〈ut, Tut〉. (2.21)
Since T is anti-symmetric, we have
ℜ〈ut, Tut〉 = 0; (2.22)
moreover
〈u,HTu〉 = 〈u, THu〉+ 〈u, [H,T ]u〉 = −〈HTu, u〉+ 〈u, [H,T ]u〉,
and then
ℜ〈u,HTu〉 = 1
2
〈u, [H,T ]u〉. (2.23)
Recollecting (2.21), (2.22) and (2.23) we arrive at
d
dt
ℜ〈ut, Tu〉 = 1
2
〈u, [H,T ]u〉. (2.24)
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For the second term on the RHS of (2.20), we observe that
d
dt
2ℜ〈ut,Ψu〉 = 2〈ut,Ψut〉+ 2ℜ〈Hu,Ψu〉. (2.25)
By integration by parts we see that
ℜ〈Hu,Ψu〉 = −
∫
|∇Au|2Ψ−ℜ
∫
∇Au · ∇Ψu. (2.26)
Moreover, ∫
∇Au · ∇Ψu = −
∫
|u|2∆Ψ−
∫
∇Au · ∇Ψu,
and consequently
ℜ
∫
∇Au · ∇Ψu = −1
2
∫
|u|2∆Ψ. (2.27)
In conclusion, by (2.25), (2.26) and (2.27) we obtain
d
dt
2ℜ〈ut,Ψu〉 = 2
∫
|ut|2Ψ− 2
∫
|∇Au|2Ψ+
∫
|u|2∆Ψ. (2.28)
Finally, by (2.20), (2.24) and (2.28) we conclude that
Θ¨W (t) =
1
2
〈u, [H,T ]u〉 + 2
∫
|ut|2Ψ− 2
∫
|∇Au|2Ψ+
∫
|u|2∆Ψ. (2.29)
The term [H,T ] on the RHS of (2.29) has been already computed in the
previous section, modulo the constant 1/2. The analogous to Remark 2.1
concludes the proof of (1.15).

3. Proofs of the smoothing estimates
We devote this section to the proofs of Theorems 1.9, 1.10, 1.11, 1.12.
The proofs are based on suitable choices of the multiplier φ in the virial
identities (1.13) and (1.15). As we see in the following, the choice of the
multipliers is different in the cases n = 3 and n ≥ 4, and it follows the ideas
of the paper [2]. We start with the Schro¨dinger equation in space dimension
n = 3.
3.1. Proof of Theorem 1.9. Recalling (2.3) and (2.4), let us rewrite iden-
tity (1.13) as follows
d
dt
Θ˙S(t) = −〈u, [H,T ]u〉.
By (2.2) and (2.7), integrating by parts we see that
Θ˙S(t) = 2ℑ
∫
Rn
u(x, t)∇Au(x, t) · ∇φ(x) dx.
Hence we can rewrite (1.13) as follows
2
∫
Rn
∇AuD2φ∇Au− 1
2
∫
Rn
|u|2∆2φ−
∫
Rn
φ′Vr|u|2 (3.1)
+ 2ℑ
∫
Rn
uφ′Bτ · ∇Au = R(t),
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for all t > 0, where
R(t) = d
dt
(
ℑ
∫
Rn
u(x, t)∇Au(x, t) · ∇φ(x) dx
)
,
We start with an interpolation Lemma that will be used for the estimate
of the right hand side of (3.1).
Lemma 3.1. Let φ = φ(|x|) : Rn → R, n ≥ 3, be a radial function such
that φ′(r) and rφ′′(r) are bounded; then the following estimate holds:∣∣∣∣∫
Rn
u(x, t)∇Au(x, t) · ∇φ(x) dx
∣∣∣∣ ≤ C‖f‖H˙ 12 . (3.2)
Proof. Let us consider the quadratic form
T (f, g) =
∫
Rn
f(x)∇Ag(x) · ∇φ(x) dx.
Since φ′ is bounded, we have the inequality
|T (f, g)| ≤ C1‖f‖L2‖∇Ag‖L2 . (3.3)
By integration by parts, we see that
T (f, g) = −
∫
Rn
g(x)∇Af(x) · ∇φ(x) dx−
∫
Rn
fg∆φdx; (3.4)
under the assumptions on φ we have that ∆φ(x) ≤ C/|x|, hence using the
magnetic Hardy’s inequality (A.1) we have by (3.4) that
|T (f, g)| ≤ C2‖g‖L2‖∇Af‖L2 . (3.5)
By interpolation between (3.3) and (3.5) we get
|T (f, g)| ≤ C‖f‖H1/2‖g‖H1/2 .

Now we choose an explicit multiplier φ. For some M > 0, let us consider
φ0(x) =
∫ x
0
φ′0(s) ds,
where
φ′0 = φ
′
0(r) =
{
M + 13r, r ≤ 1
M + 12 − 16r2 , r > 1.
A direct computation shows that
φ′′0(r) =
{
1
3 , r ≤ 1
1
3r3 , r > 1
and the bilaplacian is given by
∆2φ0(r) = −4πδx=0 − δ|x|=1,
where ot the right hand side we have the Dirac masses concentrated at zero
and on the unit sphere, respectively. By scaling, for any R > 0 we define
φ(r) = Rφ0
( r
R
)
,
MAGNETIC VIRIAL. MORAWETZ, SMOOTHING AND STRICHARTZ ESTIMATES 14
hence
φ′(r) =
{
M + r3R , r ≤ R
M + 12 − R
2
6r2 , r > R
(3.6)
φ′′(r) =
{
1
3R , r ≤ R
1
R · R
3
3r3 , r > R
(3.7)
∆2φ(r) = −4πδx=0 − 1
R2
δ|x|=R. (3.8)
Observe that the assumptions of Lemma 3.1 are satisfied by φ.
We can pass to the estimate on the left hand side of (3.1). Let us introduce
the following formula, which holds in any dimension:
∇AuD2φ∇Au = φ′′ |∇rAu|2 +
φ′
r
|∇τAu|2 . (3.9)
Here ∇τA is the projection of ∇A on the tangent plane to the sphere, such
that
|∇τAu(x)|2 + |∇rAu(x)|2 = |∇Au(x)|2 ,
∇rAu(x) =
(
∇Au(x) · x|x|
)
x
|x| , ∇
τ
Au · ∇rAu ≡ 0.
Now we insert (3.6), (3.7) and (3.8) in (3.1); neglecting the negative part
V −r of the electric potential, we have
2
3R
∫
|x|≤R
|∇Au|2 dx+ 2M
∫
Rn
|∇τAu|2
|x| dx+
1
2R2
∫
|x|=R
|u|2 dσ (3.10)
−
∫
Rn
φ′V +r |u|2 dx+ 2ℑ
∫
Rn
uφ′Bτ · ∇Au dx
≤ d
dt
(
ℑ
∫
Rn
u(x, t)∇Au(x, t) · ∇φ(x) dx
)
,
for all R > 0. Let us now consider the term involving Bτ on the left hand
side of (3.10); since the vector field Bτ is tangential, by (3.6) we can estimate
2ℑ
∫
Rn
uφ′Bτ · ∇Au dx ≥ −2
∣∣∣∣ℑ ∫
Rn
uφ′Bτ · ∇Au dx
∣∣∣∣ (3.11)
≥ −2
(
M +
1
2
)∫
Rn
|u| · |Bτ | · |∇τAu| dx
≥ −2
(
M +
1
2
)(∫
Rn
|∇τAu|2
|x| dx
) 1
2
(∫ +∞
0
dρ
∫
|x|=ρ
|x| · |u|2 · |Bτ |2 dσ
) 1
2
≥ −2
(
M +
1
2
)
K1
(∫ +∞
0
dρ
(
sup
|x|=ρ
|Bτ |2|x|3
)
1
ρ2
∫
|x|=ρ
|u|2 dσ
) 1
2
≥ −2
(
M +
1
2
)
K1
(
sup
R>0
1
R2
∫
|x|=R
|u|2 dσ
) 1
2
(∫ +∞
0
sup
|x|=ρ
|Bτ |2|x|3 dρ
) 1
2
= −2
(
M +
1
2
)
K1K2|||B2τ |||1/23 ,
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where
K1 =
(∫
Rn
|∇τAu|2
|x| dx
) 1
2
,
K2 =
(
sup
R>0
1
R2
∫
|x|=R
|u|2 dσ
) 1
2
,
and we recall the definition
|||B2τ |||3 =
∫ +∞
0
ρ3 sup
|x|=ρ
|Bτ |2 dρ.
In an analogous way we treat the term involving V +r in (3.10):
−
∫
φ′V +r |u|2 dx ≥ −
∣∣∣∣∫ φ′V +r |u|2 dx∣∣∣∣ (3.12)
≥ −
(
M +
1
2
)∫ +∞
0
dρ
∫
|x|=ρ
|V +r | · |u|2 dσ
≥ −
(
M +
1
2
)∫ +∞
0
dρ
(
sup
|x|=ρ
(|V +r | · |x|2)
1
ρ2
∫
|x|=ρ
|u|2 dσ
)
≥ −
(
M +
1
2
)(∫ +∞
0
sup
|x|=ρ
|V +r | · |x|2 dρ
)
·
(
sup
R>0
1
R2
∫
|x|=ρ
|u|2 dσ
)
= −
(
M +
1
2
)
|||V +r |||2K22 ,
where K2 is as before and
|||V +r |||2 =
∫ +∞
0
ρ2 sup
|x|=ρ
|V +r dρ.
Using (3.11), (3.12) and taking the supremum over R > 0 in (3.10), we
obtain
sup
R>0
2
3R
∫
|x|≤R
|∇Au|2 + 2MK21 +
1
2
K22
≤ R(t) +
(
M +
1
2
)
·
(
2K1K2|||B2τ |||1/23 +K22 |||V +r |||2
)
,
or equivalently
sup
R>0
2
3R
∫
|x|≤R
|∇Au|2 dx+C(M,K1,K2, B) ≤ R(t), (3.13)
where
C(M,K1,K2, B) =2MK
2
1 +
[
1
2
−
(
M +
1
2
)
|||V +r |||2
]
K22
− 2
(
M +
1
2
)
|||B2τ |||1/23 K1K2.
Notice that all the quantities that appear in the above calculation are finite
thanks to the assumptions (H1) and (H2) and the diamagnetic inequality.
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In order to conclude the proof, it is sufficient now to optimize the small-
ness condition on |||B2τ |||3 and |||V +r |||2 under which we can ensure that
C(M,K1,K2, B) ≥ 0.
Due to the homogeneity of C, it is not restrictive to fixK1 = 1 and impose
that[
1
2
−
(
M +
1
2
)
|||V +r |||2
]
K22 − 2
(
M +
1
2
)
|||B2τ |||1/23 K2 + 2M > 0,
for all K2 > 0. This gives the following condition:(
M + 12
)2
M
|||B2τ |||3 + 2
(
M +
1
2
)
|||V +r |||2 ≤ 1. (3.14)
In order to optimize (3.14) in terms of the size of B, we choose M = 1/2,
such that the coefficient of |||B2τ |||3 is the minimum possible. Hence we
obtain
|||B2τ |||3 + |||V +r |||2 ≤
1
2
⇒ C(M,K1,K2, B) ≥ 0. (3.15)
As a consequence, if (1.24) is satisfied we have by (3.13) and (3.15) that
sup
R>0
1
R
∫
|x|≤R
|∇Au|2 dx ≤ CR(t),
for some C > 0. Moreover, if the strict inequality holds in (1.24), we also
have
sup
R>0
1
R
∫
|x|≤R
|∇Au|2 dx+ ǫ
∫
Rn
|∇τAu|2
|x| dx
+ ǫ sup
R>0
1
R2
∫
|x|=R
|u|2 dσ ≤ CR(t),
for some ǫ > 0.
At this point, the thesis immediately follows by integrating in time the
two last inequalities and applying Lemma 3.1 and the conservation of the
H˙ 12 -norm to the right hand side.
3.2. Proof of Theorem 1.10. For the proof of the higher dimensional
Theorem 1.10, we use the same techniques of the previous one, but with
different multipliers. First of all, let us start again from (3.1). We divide
the estimate of the left hand side into two steps, choosing two different
multipliers.
Step 1. Let us consider the multiplier φ(x) = |x|, for which
φ′(r) = 1, φ′′(r) = 0, ∆2φ(r) = −(n− 1)(n − 3)
r3
.
With this choice, by (3.9) we can rewrite (3.1) as follows:
2
∫
Rn
|∇τAu|2
|x| dx+
(n− 1)(n − 3)
2
∫
Rn
|u|2
|x|3 dx (3.16)
−
∫
Rn
Vr|u|2 dx+ 2ℑ
∫
Rn
uBτ · ∇Au dx = R(t).
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Here we used again the same notations of the previous Section. As in the
previous case, the main goal is to prove the positivity of the left hand side.
Let us assume that
|Bτ (x)| ≤ C1|x|2
and estimate
−
∣∣∣∣2ℑ ∫
Rn
uBτ · ∇Au dx
∣∣∣∣ ≥ −2(∫
Rn
|u|2
|x|3 dx
) 1
2
(∫
Rn
|x|3|Bτ |2 |∇τAu|2 dx
) 1
2
(3.17)
≥ −2C1K1K2,
where
K1 =
(∫
Rn
|u|2
|x|3 dx
) 1
2
K2 =
(∫
Rn
|∇τAu|2
|x| dx
) 1
2
.
Analogously, assume that
|V +r (x)| ≤
C2
|x|3
and estimate
−
∫
Rn
Vr|u|2 dx ≥ −C2K21 ,
where K1 is as before.
Consequently, for the left hand side of (3.16) we have
2
∫
Rn
|∇τAu|2
|x| dx+
(n− 1)(n − 3)
2
∫
Rn
|u|2
|x|3 dx (3.18)
−
∫
Rn
Vr|u|2 dx+ 2ℑ
∫
Rn
uBτ · ∇τAu dx
≥ 2K22 − 2C1K1K2 − C2K21 +
(n− 1)(n− 3)
2
K21 =: C(C1, C2,K1,K2).
Once again, we want to optimize the condition on C1 and C2 under which
the right hand side of (3.18) is positive for all K1,K2.
Also here it is not restricting to fix K1 = 1 and requiring that[
(n− 1)(n− 3)
2
− C2
]
K21 − 2C1K1 + 2 ≥ 0,
which gives the following condition:
C21 + 2C2 ≤ (n − 1)(n − 3). (3.19)
As a consequence, if (3.19) is satisfied, then
2
∫
Rn
|∇τAu|2
|x| dx+
(n− 1)(n − 3)
2
∫
Rn
|u|2
|x|3 dx (3.20)
−
∫
Rn
V +r |u|2 dx− 2ℑ
∫
Rn
uBτ · ∇τAu dx ≥ 0.
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Moreover, if the strict inequality holds in (3.19), we have
2
∫
Rn
|∇τAu|2
|x| +
(n− 1)(n − 3)
2
∫
Rn
|u|2
|x|3 −
∫
Rn
V +r |u|2 − 2ℑ
∫
Rn
uBτ · ∇τAu
(3.21)
≥ ǫ
(∫
Rn
|∇τAu|2
|x| +
(n− 1)(n − 3)
2
∫
Rn
|u|2
|x|3
)
,
for some ǫ > 0.
Step 2. Now we perturb the multiplier φ to complete the proof. Let us
consider
φ˜ = φ+ ϕ, (3.22)
where φ(r) = r and ϕ(r) =
∫ r
0 ϕ
′(s) ds, with
ϕ′(r) =
{
n−1
2n r, r ≤ 1
1
2 − 12nrn−1 , r > 1.
An explicit computation shows that
ϕ′′(r) =
{
n−1
2n , r ≤ 1
n−1
2nrn , r > 1,
∆2ϕ = −n− 1
2
δ|x|=1 −
(n− 1)(n − 3)
2r3
χ[1,+∞).
Finally, for any R > 0 we define the scaled multiplier
φ˜R(r) = Rφ˜
( r
R
)
;
we have explicitly that
φ˜R(r) = r +Rϕ
( r
R
)
, (3.23)
where
ϕ′R(r) =
{
(n−1)r
2nR , r ≤ R
1
2 − R2nrn−1 , r > R.
(3.24)
ϕ′′R(r) =
{
1
R · n−12n , r ≤ R
1
R · R
n(n−1)
2nrn , r > R,
(3.25)
∆2ϕR = −n− 1
2R2
δ|x|=R −
(n− 1)(n − 3)
2r3
χ[R,+∞). (3.26)
At this point, we put the multiplier φ˜R in (3.1). Observe that, in this case,
sup
r≥0
φ˜′(r) =
3
2
;
hence for the terms involving Vr and Bτ we can repeat the same computation
in (3.17), with the scaled constants C˜1 =
3
2C1, C˜2 =
3
2C2; in this way, the
final condition on Bτ and Vr turns out to be (1.27). Under this assumption,
when we put φ˜R into (3.1), we can use the term |x| in (3.23) to control
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the perturbative terms with the potentials. Finally, by (3.20), (3.9), (3.24),
(3.25), (3.26), we have proved that
sup
R>0
1
R
∫
|x|≤R
|∇Au|2 dx ≤ CR(t), (3.27)
for some C > 0, if (1.27) is satisfied. Moreover, if the strict inequality holds
in (1.27), we also have
ǫ
(∫
Rn
|∇τAu|2
|x| dx+
(n − 1)(n − 3)
2
∫
Rn
|u|2
|x|3 dx
)
≤ CR(t), (3.28)
analogously to (3.21). Now the proof continues exactly the one of the 3D
Theorem 1.9, by integration in time and application of Lemma 3.1.
3.3. Proofs of Theorems 1.11 and 1.12. The proofs of the smooth-
ing Theorems for the magnetic equation are identical to the ones for the
Schro¨dinger equations. The starting point is now the virial identity (1.15),
which can be written as follows:
2
∫
Rn
∇AuD2φ∇Au dx− 1
2
∫
Rn
|u|2∆2φdx (3.29)
+ 2
∫
Rn
|ut|2Ψ dx− 2
∫
Rn
|∇Au|2Ψ dx+
∫
Rn
|u|2∆Ψ dx
−
∫
Rn
φ′Vr|u|2 dx+ 2ℑ
∫
Rn
uφ′Bτ · ∇Au dx = R(t),
where
R(t) = − d
dt
ℜ
∫
Rn
ut(2∇φ · ∇Au+ u∆φ+ uΨ) dx. (3.30)
For the LHS of (3.29), we use the same multiplier φ of the Schro¨dinger
theorems, while the choice of Ψ is the following:
Ψ(x) =
{
1
2R , |x| ≤ R
0, |x| > R.
By direct computation we see that
∆Ψ =
{
n
R , |x| ≤ R
n−1
|x| , |x| > R,
hence ∆Ψ ≥ 0 and the term involving it in (3.29) can be neglected. The
only thing to control is the positivity of the term∫
|x|≤R
(∇AuD2φ∇Au− |∇Au|2Ψ) dx,
which is ensured by the choice of the constant 1/2 in the definition of Ψ and
the explicit formulas for φ′ and φ′′ introduced in the previous sections.
Finally, after integration in time, with the same techniques involving
Cauchy-Schwartz, magnetic Hardy’s inequality and energy conservation, the
RHS of (3.29) turns out to be controlled by CE(0), and this concludes the
proof.
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4. Strichartz estimates for the magnetic wave equation
The final section of this paper is devoted to the proof of Theorem 1.13, as
application of the smoothing estimates, Theorems 1.11 and 1.12. We start
with a preliminary Lemma.
Lemma 4.1. Let (p, q) be a non endpoint wave admissible couple; then, for
all T ∈ R, the following estimate holds∥∥∥∥∥
∫ T
0
sin
(
(T − τ)√−∆)√−∆ F (τ, ·) dτ
∥∥∥∥∥
LpH˙σq
.
∑
j∈Z
2
j
2 ‖Fj‖L2L2 , (4.1)
where σ = 1q − 1p + 12 and
Fj(t, x) =
{
F (t, x), |x| ∈ [2j , 2j+1]
0, |x| ∈ [0,∞) \ [2j , 2j+1].
Proof. We recall the usual Strichartz estimate for the free wave equation
(see [9], [14]) ∥∥∥(√−∆)−1eit√−∆f∥∥∥
LpH˙σq
. ‖f‖L2 , (4.2)
with σ = 1q − 1p + 12 and the inequality
sup
R>0
∫ ∞
0
∫
|x|≤R
∣∣∣eit√−∆f ∣∣∣2 dx dt . ‖f‖L2 , (4.3)
analogous to (1.9). By (4.2) we get∥∥∥∥∥
∫ T
0
sin
(
(t− τ)√−∆)√−∆ F (τ, ·)
∥∥∥∥∥
LpH˙σq
≤
∥∥∥∥∥eit
√−∆
√−∆
∫ T
0
e−iτ
√−∆F (τ, ·)
∥∥∥∥∥
LpH˙σq
(4.4)
≤
∥∥∥∥∫ T
0
e−iτ
√−∆F (τ, ·) dτ
∥∥∥∥
L2
.
The dual of estimate (4.3) is∥∥∥∥∫ e−iτ√−∆F (τ, ·) dτ∥∥∥∥
L2
.
∑
j∈Z
2
j
2‖Fj‖L2L2
(see e.g. [16]); as a consequence and by a standard application of the Christ-
Kiselev Lemma ([5]), we have (4.1). 
Now we pass to the proof of Theorem 1.13. As observed in Section 1.3,
we can rewrite (1.5) in the form (1.35), with F given by (1.36). The solution
of (1.35) is represented by
u(t, ·) = cos(t
√
−∆)f + sin(t
√−∆)√−∆ g +
∫ t
0
sin
(
(t− τ)√−∆)√−∆ F (τ, ·) dτ.
(4.5)
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For the first two terms we use (4.2). For the last term, recalling (1.36), by
(4.1) we estimate:∥∥∥∥∥
∫ t
0
sin
(
(t− τ)√−∆)√−∆ (A · ∇Au+A2u+ V u) dτ
∥∥∥∥∥
LpH˙σq
. (4.6)
.
∑
j∈Z
2
j
2

(∫ t
0
∫
|x|∈[2j,2j+1]
A · ∇Au
) 1
2
+
(∫ t
0
∫
|x|∈[2j,2j+1]
(A2 + V )u
) 1
2
 .
As observed in Remark 1.1, assumption (1.38) implies
|A(x)| ≤ C
(1 + |x|)1+ǫ ,
moreover, (1.38) is compatible with (1.29) and (1.32). Consequently, by
Holder inequality and the smoothing estimates (1.31) and (1.33) we obtain∑
j∈Z
2
j
2 ‖(A · ∇Au)j‖L2L2 ≤ (4.7)
≤
∑
j<0
2
j
2 +
∑
j≥0
2
j
2 2j(−
1
2
−ǫ)
(sup
j∈Z
1
2j
∫ t
0
∫
2j |x|<2j+1
|∇Au|2
) 1
2
≤ C
√
E(0);
∑
j∈Z
2
j
2 ‖(A2u+ V u)j‖L2L2 ≤ (4.8)
≤
∑
j<0
2
j
2 +
∑
j≥0
2−2jǫ
(sup
j∈Z
1
23j
∫ t
0
∫
2j |x|<2j+1
|u|2
) 1
2
∼ C
(
sup
j∈Z
1
22j
∫ t
0
∫
|x|=2j
|u|2 dσ
) 1
2
≤ C
√
E(0).
By (4.5), (4.6), (4.7) and (4.8) the proof is complete. 
Appendix A. Magnetic Hardy’s inequality
We devote an Appendix to the magnetic version of Hardy’s Inequality.
Theorem A.1. Let n ≥ 3 and let A : Rn → Rn, ∇A = ∇− iA. Then, for
any f ∈ D(HA) the following inequality holds:∫
Rn
|f |2
|x|2 dx ≤
4
(n− 2)2
∫
Rn
|∇Af |2 dx. (A.1)
Proof. We only need to prove (A.1) for f ∈ C∞0 , then we conclude by density.
Let us observe that, for all α ∈ R,
0 ≤
∫
Rn
|∇Af + α x|x|2 f |
2 dx (A.2)
=
∫
Rn
|∇Af |2 dx+ α2
∫
Rn
|f |2
|x|2 dx+ 2αℜ
∫
Rn
f
x
|x|2 · ∇Af dx.
By integration by parts, using the Leibnitz formula
∇A(fg) = g∇Af + f∇g,
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we see that
2αℜ
∫
Rn
f
x
|x|2 · ∇Af dx = −α
∫
Rn
|f |2div x|x|2 dx = −(n− 2)α
∫
Rn
|f |2
|x|2 dx.
Using this in (A.2) we have{−α2 + (n− 2)α} ∫
Rn
|f |2
|x|2 dx ≤
∫
Rn
|∇Af |2 dx,
for all α ∈ R. Now we observe that
max
α∈R
{−α2 + (n− 2)α} = (n− 2)2
4
,
and this completes the proof. 
References
[1] J.A. Barcelo´, A. Ruiz, and L.Vega, Weighted estimates for the Helmholtz
equation and some applications. J. Funct. Anal. 150 (1997), 356–382.
[2] J.A. Barcelo´, A.Ruiz, and L.Vega, Some dispersive estimates for
Schro¨dinger equations with repulsive potentials J. Funct. Anal. 236 (2006), 1–24.
[3] J.A. Barcelo´, A.Ruiz, L. Vega, and M.C.Vilela, Weak Dispersive esti-
mates for Schro¨dinger equations with long range potentials, preprint 2008,
http://www.arxiv.org
[4] H.L. Cycon, R.Froese, W.Kirsch, and B. Simon, Schro¨dinger Operators
with Applications to QuantumMechanics and Global Geometry Texts and Mono-
graphs in Physics, Springer Verlag Berlin Heidelberg New York (1987).
[5] M.Chirst, and A.Kiselev, Maximal functions associated to filtrations, J.
Funct. Anal. 179(2) (2001), 409–425.
[6] P.Constantin, and J.-C. Saut, Local smoothing properties of dispersive equa-
tions, Journ. AMS (1988), 413–439.
[7] P.D’Ancona, and L. Fanelli, Strichartz and smoothing estimates for disper-
sive equations with magnetic potentials, to appear on Comm. Part. Diff. Eqns.
[8] Georgiev, V., Stefanov, A., and Tarulli, M. Smoothing - Strichartz es-
timates for the Schro¨dinger equation with small magnetic potential, Discrete
Contin. Dyn. Syst. - A 17 (2007), 771-786.
[9] J.Ginibre, and G.Velo, Generalized Strichartz inequalities for the wave equa-
tion, J. Funct. Anal. 133 (1995) no. 1, 50–68.
[10] M.Burak Erdogan, M.Goldberg, and W.Schlag, Strichartz and Smooth-
ing Estimates for Schro¨dinger Operators with Almost Critical Magnetic Poten-
tials in Three and Higher Dimensions
[11] J.M.Goncalves Ribeiro, Instability of symmetric stationary states for some
nonlinear Schro¨dinger equations with an external magnetic field, Ann. I.H.P.
sec. A, 54 (1991), n. 4, 403–433.
[12] J.M.Goncalves Ribeiro, Finite time blow-up for some nonlinear Schro¨dinger
equations with an external magnetic field, Nonl. Anal., Theory Methods & Ap-
plications, 16 (1991) n. 11, 941–948.
[13] M.Goldberg, L. Vega, and N.Visciglia, Counterexamples of Strichartz in-
equalities for Schro¨dinger equations with repulsive potentials, Int. Math. Res.
Not. 2006, Art. ID 13927, 16 pp.
[14] M.Keel, and T.Tao, Endpoint Strichartz estimates, Amer. J. Math. 120
(1998) no. 5, 955–980.
[15] C.S.Morawetz, Time decay for the nonlinear Klein-Gordon equation, Proc.
Roy. Soc. London A, 306 (1968), 291–296.
[16] B.Perthame, and L.Vega, Morrey-Campanato estimates for the Helmholtz
Equations, J. Func. Anal. 164 (1999), 340–355.
[17] P. Sjo¨lin, Regularity of solutions to the Schro¨dinger equations, Duke Math. J.
55 (1987), 699–715.
MAGNETIC VIRIAL. MORAWETZ, SMOOTHING AND STRICHARTZ ESTIMATES 23
[18] A. Stefanov, Strichartz estimates for the magnetic Schro¨dinger equation, Adv.
Math. 210 (2007), 246–303.
[19] L.Vega, The Schro¨dinger equation: pointwise convergence to the initial date,
Proc. AMS 102 (1988), 874–878.
Luca Fanelli: SAPIENZA Unversita` di Roma, Dipartimento di Matematica,
Piazzale A. Moro 2, I-00185 Roma, Italy
E-mail address: fanelli@mat.uniroma1.it
Luis Vega: Universidad del Pais Vasco, Departamento de Matema´ticas,
Apartado 644, 48080, Bilbao, Spain
E-mail address: luis.vega@ehu.es
